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^ I Suppose that d > 1 and a e (0, 2). In this paper, by using probabihstic methods, we estabhsh 

' sharp two-sided pointwise estimates for the Dirichlet heat kernels of {A + a"A"/^; a S (0, 1]} 

on half-spaee-hke C^'^ domains for all time t > 0. The large time estimates for half-space- 



like domains are very different from those for bounded domains. Our estimates are uniform in 
p ^ ■ a e (0, 1] in the sense that the constants in the estimates are independent of a e (0, 1]. Thus 

it yields the Dirichlet heat kernel estimates for Brownian motion in half-space-like domains by 
taking a — > 0. Integrating the heat kernel estimates with respect to the time variable we 
obtain uniform sharp two-sided estimates for the Green functions of {A -|- a"A"/^; a € (0, 1]} 
in half-space-like C^'^ domains in M.'^. 
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1 Introduction and Setup 

This paper is a natural continuation of [5] where small time sharp two-sided estimates for the 
Dirichlet heat kernel of A -|- A"/^ on any C^'^ open sets and large time sharp two-sided estimates 
for bounded C^'^ open sets are obtained. In this paper we give sharp two-sided estimates for 
the Dirichlet heat kernel of A -f A"/^ on half-space-like C^'^ domains for all time. The large time 
Dirichlet heat kernel estimates for half-space-like domains are very different from those for bounded 
open sets. See below for the definition of half-space-like C^'^ open sets. 

Throughout this paper, we assume that d > 1 is an integer and a G (0, 2). Let = {X^, t > 0) 
be a Brownian motion in M.^ with generator A = X]f=i ^s'' ^^'^ ^ ~ O^t, t > 0) he an independent 
(rotationally) symmetric a-stable process in whose generator is the fractional Laplacian A"/^. 
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For u G C^iR'^), the space of smooth functions with compact support, the fractional Laplacian 
can be written in the form 



A"/2-u(x) = Hm [ 



■.\y-x\>e} 1-^ y\ 



(1.1) 



where Aid, a) := a2°'-'^TT~'^/'^T{!^)T{l - f )-i. Here F is the Gamma function defined by F(A) := 
/o^ t^~^e~*dt for every A > 0. 

For any a > 0, we define by := X^ + aVj. We will call the process X" the independent 
sum of the Brownian motion X^ and the symmetric a-stable process Y with weight a > 0. The 
Levy process X"" is uniquely determined by its characteristic function 



-t{i«p+a"i€r) 



and its infinitesimal generator is A + a"A"/^. Since 
X" has Levy intensity function 



for every x eM.'^ and ^ G M'^ 



a"^(d,a) 
(1 - cos(e • y)) I 1^+^ dy, 



r{x,y) = filx - y\) := a"A{d, a)\x - y\-^^+^\ 

The function J'^{x, y) determines a Levy system for X", which describes the jumps of the process 
X"". for any non-negative measurable function / on x M*^ x R*^ with f{s, y,y) = for all y G W^, 
any stopping time T (with respect to the filtration of X"") and any x G M*^, 



Ex 



Y,fis,X^_,X^) 



s<T 



f{s,X^,y)r{X^,y)dy]ds 



(1.2) 



(see, for example, [H Proof of Lemma 4.7] and [9l Appendix A]). 

Let p°'{t, X, y) be the transition density of X'^ with respect to the Lebesgue measure on W^. The 
function p"-{t,x,y) is smooth on (0,oo) x M'^ x R"'. For any A > 0, (AX"_2^,t > 0) has the same 
distribution as (Xf^'" > 0) (see the second paragraph of [H Section 2]), so we have 

^aA(«-2)/- ^ ^-1^^ ^-1^) for t > and x,ye M"'. (1.3) 

For o > and C > 0, define 



h''c{t,x,y) := A (a"t)-'^/°) A J^t-^/Se-CI^-J/PA + (^(a^t)""'/" A 



X - y 



d+c 



(1.4) 



Here and in the sequel, we use ":=" as a way of definition and, for a, 6 G M, a A 6 := min{a, b} and 
ayh := max{a, 6}. The following sharp two-sided estimates on p°(t, x, y) follow from (jl.3p and the 
main results in [10^ I22j that give the sharp estimates on p^{t,x,y). 

Theorem 1.1 There are constants c,Ci > 1 such that, for all a G [0, oo) and {t,x,y) G (0,oo] x 



c 'h''c^{t,x,y) <p''{t,x,y) < ch1/c^{t,x,y). 
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We record a simple but useful observation. Its proof will be given at the end of this section. 
Proposition 1.2 For every c > and ci > 0, there is a constant C2 > 1 such that for any a > 0, 

-2' [{a-t)-'"- A ^^^) < K{t,x,y) < c, ((a"t)-^/<^ A ^^^) 

holds when either t > cia~^"/(^~°) or \x — y\ > a^"/*^^""). 

Recall that a domain (an connected open set) D in R'^ (when d > 2) is said to be C^'^ if 
there exist a localization radius i?o > and a constant Aq > such that for every z G dD, there 
exist a C^'^ function i/j = il^z ■ ^'^^^ ^ K satisfying ^(0) = 0, V^(0) = (0, . . . ,0), ||V^||oo < Aq, 
\Vip{x) — Vip{z)\ < Ao|x — z|, and an orthonormal coordinate system CSz- y = {yi, • • • ,yd-i,yd) '■= 
(y, yd) with origin at z such that B{z, Rq) nD = {y = {y, yd) G -6(0, Rq) in CSz ■ Vd > tpiv)}- The 
pair [Rq, Aq) will be called the C^'^ characteristics of the domain D. 

For an open set D C and x G D, we will use 5d{x) to denote the Euclidean distance between 
X and D^. For a domain D C and Aq > 1, we say the path distance in D is comparable to the 
Euclidean distance with characteristic Aq if for every x,y G D, there is a rectifiable curve I in D 
connecting x to ^/ so that the length of / is no larger than \q\x — y\. Clearly, such a property holds 
for all bounded C^'^ domains, C^'^ domains with compact complements and domains above the 
graphs of bounded C^'^ functions. 

For any open subset D C M'^, we use to denote the first time the process X"' exits D. We 
define the process X""'^ by X^'^ = Xf for t < t% and X'^' = 9 for t > r^, where d is a cemetery 
point. X"''^ is called the subprocess of X" in D. The generator of X'^'^ is (A + a"A°/^)|£). 
It follows from [10] that X""'^ has a continuous transition density pf){t,x,y) with respect to the 
Lebesgue measure. 

One can easily see that, when D is bounded, the operator —(A + a°A°/^)|/5 has discrete 
spectrum. In this case, we use A"''^ > to denote the smallest eigenvalue of — (A + a'^A'^/^)!^). 

The following is a particular case of a more general result proved in [5l Theorem 1.3] (cf. 
Proposition 11.21 above) . 

Theorem 1.3 Suppose that D is a C^'^ domain in Mf^ with characteristics (i?o, Aq) such that the 
path distance in D is comparable to the Euclidean distance with characteristic Aq- 

(i) For every M > and T > 0, there are constants ci = ci{Ro, Aq, Xq, M, a,T) > 1 and C2 = 

C2{Rq, Ao, Ao, M, a, T) > 1 such that for all a G (0, M] and {t, x, y) £ {0,T] x D x D, 

< Pi{t,x, v) < Cl (1 A ^) (1 A ^) Kic,{t,x, v). 

(ii) Suppose in addition that D is bounded. For every M > and T > 0, there is a constant 
C2 = C2(-D, M, a, T) > 1 so that for all a G (0, M] and {t, x, y) € [T,oo) x D x D, 

c^^e-^^^^'"" 6D{x)6Diy) < Poi-t^x^y) < ca e"*^!'" 5d(x) ^^(y). 
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Note that Theorem 11.31 does not give large time estimates for x, y) when D is unbounded. 
The goal of this paper is to establish two-sided large time estimates on p1){t,x,y) for a large class 
of unbounded C^'^ domains, namely half-space-like C^'^ domains. A domain D is said to be half- 
space-like if, after isometry, there exist two real numbers bi < 62 such that C D C Mh-^. Here 
and throughout this paper, Hf, stands for the set {x = (xi, . . . , Xd) G M"' : > 6}. We will denote 
Ho by M. 

Now we are in a position to state the main result of this paper. For a > 0, define (pai^) '■= 
r A (r/a)"/2. 

Theorem 1.4 Suppose D is a half- space- like C^'^ domain with C^'^ characteristic {Ro,Ao) and 
M-h C D gM for some b > such that the path distance in D is comparable to the Euclidean distance 
with characteristic \q. Then for any M > 1, there exist constants Ci = Ci{R(), Aq, Xq, M,a,b) > 1, 
i = 1,2, such that for all a G (0, M] and {t, x, y) G (0, 00) x D x D, 

<pUt.^.y) < (1 A (1 , MM!^))^ K,Jt,.,y). (L5) 

Remark 1.5 (i) The Levy exponent for X"' is ^>a(|^|) with ^a{i") '■= r^ -\-a"r°'. The function (j)a{r) 
is related to ^air) as follows. 

^ ^ ^ A = A (r/ar = ,^,(r)2. 



^ail/r) r-'^^a'^r-'^ r^^ (a/r)° 

Here for two non-negative functions / and g, the notation f ^ g means that there is a positive 
constant c > 1 so that g{x)/c < f{x) < cg{x) in the common domain of definition for / and g. 
Hence in view of Theorem 11.11 the estimate (jl.Sp can be restated as follows. For every M > 0, 
there are constants ci,C2 > 1 so that for every a £ (0, M] and (t,x,y) G (0,oo) x D x D, 

1 V'^ f 1 

1 A 1 A p''{t,C2X,C2y) 

1 \^/V 1 ^^'"^ 



We conjecture that the above Dirichlet heat kernel estimates hold for a large class of rotationally 
symmetric Levy processes in M'^; see [UJ Conjecture]. 

(ii) Note that t < a2"/("-2) if and only if (a"*)"''/" > t-'^/'^. If ((5D(x)/a)"/2 < §^(^x), then doix) > 
a"/(°-2) and so 6d{x) A ((5D(x)/a)"/2 > a°/("-2). Thus when t < a2°/("-2) (5£,(x)/a)"/2 < 

5d{x), we have ("^^ ^^^"^ — ^ °a/(a-2) = ^iid consequently 

^ ^ 5o{x)A{6D{x)/ar/^ = 1 = 1 A ^^^"^^ 



Hence in view of Theorem 11.11 and Proposition 11.21 the statement of Theorem 11.41 can be restated 
as follows. For all a G (0, M] and {t,x,y) G (0, a^"/^"-^)] x D x D, 

a^'t 
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and for all a G (0,M] and G [a2"/(""2) , oo) x D x D, 

<Pd{«,1',!/) < 

In fact, Theorem 11.41 will be proved in this form. □ 



Remark 1.6 Unlike [B1[TT], there are dramatic differences between the behavior of the heat kernel 
y) on half-space-like C^'^ domains and disconnected half-space-like C^'^ open sets even if x and 
y are in the same connected component. For example, if D is EIU-B(xo, 1) where xq = (0, . . . , 0, —2) 
and x,y ^ B{xq, 1), then, as a — 0, p'}j{x,y) converges to P^^^^ the Dirichlet heat kernel 

for Brownian motion on B{xq,1). Thus, in this case, the heat kernel estimates for p'^j^{t^x^y) 
when t is large cannot be of the form (jl.Sp even if x and y are in the same connected component. 
Furthermore, as one can see from [5l Theorem 1.3], when D \s a, disconnected half-space-like C^'^ 
open set (containing bounded connected component), we can not expect that the heat kernel 
estimates for y) to be written in a simple form as the one in (11. Sp . To keep our exposition as 

transparent as possible, we are content with establishing the heat kernel estimates for half-space- 
like C^'^ domains. □ 



Integrating the heat kernel estimates in Theorem 11.41 with respect to t, we get sharp two-sided 

io 



estimates on the Green function y) := /q°° x, y)dt for X"" in half-space-like C^'^ domains 



D. 

Define for d > 1 and a > 0, 



1 



-a/2 . M^D ( „-a/2 . M^D{y)) \ 



when d > a, 



log ( ( 1 + o MSDixJJMSoiy)) ^ ^/"'j whend = l = a, (1.9) 



MSoi^)JMSo(y)) ^ / -1 (0„(5^(:,))0„(5^(y)))("-i)/") when d=l<a. 



For d > 2 and a > 0, define 
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for d = 1 and o > 0, define 

' {SD{x)6n{y))'/^ A ^^^1^ A (a-"(5^(x)5B(y))("-i)/2) when a G (1,2), 

y) = I A log (l + a {6D{x)6D{y)f^y^' when a = 1, 

{SD{x)SD{y))^^^ A ^°(^^_^fi^^^ A a°/(°-2) when a G (0, 1). 

Theorem 1.7 Suppose D is a half- space-like C^'^ domain with C^'^ characteristic {Rq,Aq) and 
Mf) G D gM for some b > such that the path distance in D is comparable to the Euclidean distance 
with characteristic Xq. Then for any M > 0, there exists a constant c = c(M, i?o, Aq, Aq, 6, a) > 1 
such that for all a G (0, M] and {x, y) £ D x D, 

c-'gUx,y)<GUx,y)<cgUx,y) when\x-y\<a-''/^^~''\ (1.10) 
c-'fUx,y)<GUx,y)<cfUx,y) when \x - y\ > a-^/'^^-^K (1.11) 

Remark 1.8 (i) Note that, when d > 3, g£,{x,y) is independent of a and is comparable to the 
Green function of Brownian motion in a bounded C^'^ domain or in a domain above the graph of 
a bounded C^'^ function. On the other hand, when d < 2, g'^{x,y) depends on a, which is due to 
recurrent nature of one- and two-dimensional Brownian motion. 

(ii) Observe that if {X^'^ ,t > 0) is the subprocess in D of the independent sum of a Brownian 
motion and a symmetric a-stable process in with weight a, then (AX°I^^, t > 0) is the subprocess 
in XD of the independent sum of a Brownian motion and a symmetric a-stable process in with 
weig see the second paragraph of [5l Section 2]). Consequently for any A > 0, we have 

Pad" (*> X, y) = A"'^p^(A~2t, X'^x, X~^y) for t > and x, y G XD. (1.12) 

When D is a half space, we see from (jl.l2p that Theorems 11.41 and 11.71 hold with M = oo. 

(iii) The estimates in Theorems 1 1 . 41 and 1 1 . 71 are uniform in a G (0, M] in the sense that the constants 
ci, C2 and c in the estimates are independent of a G (0, Af]. Since X"" converges weakly to X^ , by 
taking a — ?• these estimates yield the following estimates for the heat kernel p%{t, x, y) and Green 
function G^{x,y) of Brownian motion in half-space-like domains D in which the path distance is 
comparable to the Euclidean distance: 

<p%it,x,y)<c, (lA^) (^^^) t-'^/Vl^-^lVM) 



(1.13) 



for every {t,x,y) G (0,oo) x D x D, and 

C2^9Dix,y) < G%{x,y) < C2g%{x,y) fov x,y e D. (1.14) 

The estimates (I1.13P and (jl.l4p extend the main results in [20] , where the corresponding estimates 
were established for domains in M*^ with d> 3 that are above the graphs of bounded C^'^ functions. 

(iv) By Theorem 11.41 the boundary decay rate of the Dirichlet heat kernel of A + A"/^ is given 
by 1 A ^d{x)^So{x) — ^ This indicates that the Dirichlet heat kernel estimates for A -|- A"/^ in half- 
space-like C^'^ domains cannot be obtained by a "simple" perturbation argument from A nor from 
A"/2. 
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The main difficulty of this paper is to obtain the correct boundary decay rate of the Dirichlet 
heat kernel of A + A"/^. In [5], the correct boundary decay rate for small t was established by 
using some exit distribution estimates obtained in [3- Unfortunately the estimates in [7] are not 
suitable for the present case. Thus, in this paper we give some different forms of exit distribution 
estimates that are suitable for large time estimates. The first step is, similar to [2l[T2l[7j, to compute 
(A + A"/^)/i for certain test functions. But unlike [7], we do not use combinations of test functions 
to serve as subharmonic and superharmonic functions to obtain our desired estimates. Instead, we 
use a generalization of Dynkin's formula to obtain the desired exit distribution estimates directly. 
We believe that our approach to obtain the correct boundary decay rate is quite general and may 
be used for other types of jump processes. 

Throughout this paper, the constants Ci,C2,C3, Rq, Ri, R2, R3 will be fixed. The lower case 
constants ci,C2,... will denote generic constants whose exact values are not important and can 
change from one appearance to another. The dependence of the lower case constants on the 
dimension d will not be mentioned explicitly. We will use d to denote a cemetery point and for 
every function /, we extend its definition to d by setting f{d) = 0. We will use dx or m{dx) 
to denote the Lebesgue measure in M"^. For a Borel set A C M'^, we also use \A\ to denote its 
d-dimensional Lebesgue measure. For every function /, let f^-=f\/ 0. 

In the remainder of this paper we will always assume that D is a half-space- like C^'^ domain 
with C^'^ characteristic (i?o, Aq) and Hb C -D C H for some 6 > such that the path distance in D 
is comparable to the Euclidean distance with characteristic Aq and that Iq, xq and yo are described 
as below. 

Fix to ^ b'^ and let Cd be the unit vector in the direction of the x^-axis. For x and y in D, define 
the points 

xo := x + 2ty'^ed and yo ■= y + 2tl^'^ed ■ (1-15) 

Observe that 

1 /2 1/2 

1/2 

and |x — xqI = \y — yo\ = 2tQ . Note that when D = M, we can take to to be any positive number. 
Now as a consequence of Theorem II. 3| we have the following result. 

Lemma 1.9 There exists c = c{b, to, Rq,Aq, a, Aq) > 1 such that for all x, z £ D, 

(1 A 6o{x)) < Pd^I'^''^'\ < c (1 a 5o{x)) . (1.17) 
p\j{to,xo,z) 

Proof. Let C2 be the constant in Theorem ll.3l (i) with T = tQ. From Proposition 11.21 and Theorem 
11.31 (i) , it is easy to see that 

h^C,ito,x,y) X 1 A and /i}/^^ (to, j/) x 1 A ^-^p^. (1.18) 

By Theorem 11.31 (i) and (jl.lGp . we see that 

V V*o / \h\,^ito,xo,z) p\j{to,xo,z) \ / \ h'^Ato,xo,z) 
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For z e i?(xo, 2~^ty^) we have 

^4^^ < |xo - x\-\z - xol <\x - z\ <\z - xol + |xo - x\ = \z - xq\ + 2ty^ < ^^y^- 

Similarly, for z G B{x^ 2~^iQ^^) we have ftg^^ < |x — zq] < ftg^^- Thus in these cases, p.l7p follows 
from (frT9|) . 

In the case z 2~-'-ty^) U B{xq, 2~^tQ^^), we have |a; — < — rro] + |xo — x\ = \z — xo\ + 
2^0^^ < 5|z — xol and \xo — z\ < \z — x\ + \xo — x\ = \z — x\ + 24^^ < 5|z — x|. So 5~-'-|xo — z\ < 
\z — x\ < 5\xo — z\. Therefore by (jl.lSp 

hl/c,ito,^,z) ^ ^ h\; {to,x,z) 
-J— < C2 and — > C3. 

□ 



Lemma 1.10 For any M > 0, there exists c = c{b, to, Ro, Aq, a, Aq) > 1 such that for all a G (0, M] 
and x,z £ D, 

c-^ (1 A 6d{x)) (1 A 5d{z)) h^r^c^ (to, xo, z) 

<pUto,x,z) < c(l A5d(2:))(1 A5b(z))/i^/(25C2)(*o,3;o,2) (1-20) 

where C2 is the constant in Theorem \1.3\ (i) with T = t^. 
Proof. By Theorem 11.31 (i) , we see that 

q ^ (1 A dnix)) (1 A 6Diz)) h^c^ (to, X, z) < pUto, X, z) < ci (1 A 5d{x)) (1 A 5d{z)) /i?/(c72)(*o, z). 

(1-21) 

By the same argument as in the proof of Lemma ll.91 ft^^ < |x — z| < ftg^^ for z G B(xo, 2^^tQ^^), 
§4^^ < |a; — zo\ < ftg^^ for z G i?(x, 2~^tg^^), and 5~^|xo — ^1 < |^ — x| < 5|xo — z\ for z 
S(x,2^^tQ^^) U i?(xo, 2^^tQ'^^). The assertion of the lemma follows by considering each cases in 
(fr2T]l . □ 

The following elementary result will play an important role later in this paper. Recall that D, 
to, Xo and yo are described as above. 

Lemma 1.11 For any to > and M > 0, there exists a constant c = c{a, M,to,b) > 1 such that 
for any a G (0, Af] and (t,x) G [to, 00) x D, 
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Proof. Note that 

5d{x) + tl'^ < (5h,(xo) < Soix) + 2^/' and 5d{x) + 2tl'^ < Saixo) < Snix) + 3*^' 

1/2 

When 6d{x) > tg ) have doix) < 6u^{xo) < 6m{xo) < 45£)(x). Thus in this case, the conclusion 
of the lemma is trivial. From : 
t > to and a G (0, M], we have 



1/2 

of the lemma is trivial. From now on, we assume that 5z)(x) < . In this case, using the fact 



The proof is now complete. □ 
Proof of Proposition 11.21 We first deal with the case a = 1. For t > ci and r > 0, 

C2 . i 



Hence for t > ci, 



Thus hl{t, X, y) x f"'^/" A on [ci, oo) x M'^ x M*^. On the other hand, for r > 1, 

— (^g^2y^')(d/2)+l ^d+2 — j.d+a- 

So for t G (0, ci] and r > 1, 



,pd+a I ,pd+a j.d+a ^d+a ' 

Thus we conclude that hl{t,x,y) x t~d./a ^ ^^_^^d+a for t < ci and |x — ?/| > 1. In summary, we 
have 

hl{t,x,y)^t~'^/'^ Aj-^-^ (1.22) 
when t>ci or \x-y\> 1. For a > 0, with A = a"/^^-"), by ([02]) 
hl{t,x,y) = X'^hl{X^t,Xx,Xy) 

provided either A^t > ci or A|x — y\ > 1. This proves the proposition. □ 
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2 Preliminary estimates 



We will focus on the case D = M in Sections [IHH In this section we will prove some preliminary 
estimates that will be used to establish our heat kernel estimates in H. We start with some one- 
dimensional results. 

Let S be the sum of a unit drift and an a/2-stable subordinator and let W be an independent 
one-dimensional Brownian motion. Define a process Z hy Zt = Wst- The process Z is simply the 
process in the case of dimension 1 defined in the previous section. We will use the fact that 
S* is a complete subordinator, that is, the Levy measure of S has a completely monotone density 
(for more details see [T7] or [21] )• Let Zt := sup{0 V Zs : < s < t} and let Lj be a local time of 
Z — Z at 0. L is also called a local time of the process Z reflected at the supremum. Then the 
right continuous inverse L^^ of L is a subordinator and is called the ladder time process of Z. The 
process Z^~i is also a subordinator and is called the ladder height process of Z. (For the basic 
properties of the ladder time and ladder height processes, we refer our readers to [U Chapter 6].) 
Let V{dr) denote the potential measure of the ladder height process Z ^-i of Z and v{r) its density, 
which is a decreasing function on [0,oo). We know by |16l (5.1)] that 

u(r)xlAW2-i forr>0. (2.1) 

Let G(o^oo) be the Green function of Z^'^'°°\ the subprocess of Z in (0, oo). By using [U Theorem 
20, p. 176] which was originally proved in [18], the following formula for G(o,oo) shown in [14^ 
Proposition 2.8]: 

rxAy 

Gmoo)ix,y)= v{z)v{z + \x-y\)dz. (2.2) 

Jo 

For any r > 0, let G(o,r-) be the Green function of Z^^''^\ the subprocess of Z in (0,r). Then we 
have the following result. 

Proposition 2.1 There exists c = c{a) > such that for every r G (0, oo), 

G(^o^r){x,y)dy < c(r Ar"/2) (^(x Ax"/^) a ((r - x) A (r-x)"/^)^ , ^ G (0,r). 

Proof. For any x G (0, r), by ()2.2p . we have 

G(o,r){x,y)dy < / G^o,oo)ix,y)dy 
Jo 

X j-X j'T j'X 

/ v{z)v{y + z — x)dzdy + / v{z)v{y + z — x)dzdy 

Jx-y Jx Jo 

■■ rx rx rr 

v{z) / v{y + z — x)dydz + / v{z) i v{y + z — x)dydz 

lO Jx-z Jo Jx 

< 2y((0,r))y((0,x)). 

Thus, by ^Ji) 

rr 

G^o^r){x,y)dy < c(r A r"/2)(x A x"/^), x G (0,r). 
Now the proposition follows by the symmetry. □ 
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Now we return to the process in M"'. Recall that C^(M'^) is contained in the domain of the 
L2-generator A + A"/^ of and 

(A + A"/2)</.(x) = A0(x) + / {cPix + y)- m - (V(A(x) • y)lB(o,e){y))3\\y\)dy^ V</. G C-(M'^) 

(see [191 Section 4.1]). Using the argument in |13^ pp. 152], one can easily see that the last formula 
on |13^ pp. 152] is valid for X^ for all > 1. Thus we have the following generalization of Dynkin's 
formula: for every (/> in C^iW^) and x ^ U, 

E,. [<p (X^i)] - </.(x) = j^Gh{x,y){A + A"/2)</,(y)dy = fj + A"/2)</,(xl)ds. (2.3) 

The following estimates on harmonic measures will play a crucial role in Section [3l 

Theorem 2.2 For any R > 0, there exists a constant c = c{a, R) > such that for every r > R 
and open set U C B{0,r), 

(^^1 G -6(0, ry^ < cr-°' J GIj{x, y)dy, for every xeUD B{0, r/2). 

Proof. Without loss of generality, we assume that R G (0, 1). Take a sequence of radial functions 
(pk in C^{R'^) such that < cl)k < I, 



4>k{y) = < 



0, if \y\ < 1/2 

1, if 1 < |y| < fc + 1 
0, if|y|>A; + 2, 



and that ■ I gy-Qy. 4'k\ is uniformly bounded. Define (/>fe,r(y) 



4>k,r{y) = < 



0, if \y\ < r/2 

1, if r < \y\ < r{k + 1) and sup 

0, if \y\ > r{k + 2), ^e^' i,j 



). Then we have < (j)k,r < 1) 



dyidy^ 



■4>k,r{y) 



< ci r 



Using this inequality, we have for r > R 



sup sup 

k>l zeM.'^ 



(A + A°/2)0^^^(^) < sup sup |A0fc,^(z)| + sup sup | A"/2^fc,r(^) 



< ci r + sup sup 

fc>i zeR'i 



< ci r + C2 sup sup 



k>i zeR'^ \-'{|y|<'-} 



7c,r(z + y) -<t>k,r{z) - {V4>kAz) ' y)^ B(Q,r){y))j^ {\y\)dy 
(pk,r{z + y) - <PkA^) - {^4>k,r{z) ■ y) 



< ci r + C3 



1 



^ J{\y\<r} \y 



-l^dy + 



\d+a 



y\-'^-'^dy 1 < cir-^ + C4r-". 



dy + 



{r<\y\} 



br^'^dy 



{r<\y\} 



(2.4) 



When U C i?(0,r) for some r > R, we get, by combining (|2.3|) and (j2.4|) . that for any x G 
;7n5(0,r/2). 



, G 5(0, r)^) < hm E,. k,, (x^i)! < cgr"" / G^(x,y)(iy. 

\ U / k^OO L \ '[//J /rr 
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□ 

In the remainder of this section we will establish a result (Lemma 12. 4p that will be crucial for 
our heat kernel estimates in Section HI 
Let 

A"/Mx):=lim/ {u[y)-u{x))^^^dy. (2.5) 

Recall that A"/^ = A"/^ on C'^{W^). For rr G M'^ andp > 0, set Wp{x) := {xj)P. For < p < a < 2, 
let 

A = A(a,p) = i-^^ / — -T^dt / Vd m{dy), (2.6) 

« Jo (1 - ^|?/|=l,3/d>0 

with the convention that m{dy) is the Dirac measure when d= \. Then it follows from \\.2\ Lemma 
6.1] that 

K'^/'^Wp^x) =A{d,a,p)wp_a{x), xGM. (2.7) 

In particular, on EI we have 

A"/2^t;p<o, 0<p<a/2; K'^/'^Wp = Q, p = a/2; A^/^y;^ > 0, a/2 < p < a. (2.8) 
Lemma 2.3 Suppose < p < ^ and R> 8. Let Q{a, 6) := {y G EI : |y| < a, < < 6} and 

hp{y) := Wp{y)lQ(^R^R){y), y G H. 
There exist constants ci,C2 > such that for every R> 8 and x G Q{2R/3,2R/3), 



ci(xd)P-° < A'^/^hpix) < -A(xd)P-° when < p < | (2.9) 



and 



-cii?-"/2 < A"/2/i^/2(2;) < -C2i?-"/^ whenp = ^, (2.10) 
where A = A(a,p) > is i/ie constant defined in (12. 6p . 



Proof. Since /ip(y) = u;p(y) for y G Q{R, R), by (USD, we have for any x G Q{2R/3, 2R/3), 
A"/2/ip(x) = A"/2(/jp _ ujp){x) + A"/^Wp{x) 

Observe that for X G Q{2R/3,2R/3) and y G Q{R,Ry, \y-x\ > \y\/3. Thus for x G Q{2R/3,2R/3), 
by the change of variable z = R~^y, 

I , dy < ci / dy < C2i?P"" /" dz < c^R^-'^. 

The conclusion of the lemma now follows from the above two displays and (j2.7p and (j2.8p . □ 
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Lemma 2.4 There exist c = c{a) > and Ri = Ri{a) > 2 such that for every R > 8Ri and 
X G QiR/i, R/2) \ Q{R/4:, 2Ri), we have 

P. (^^1^ G Q{R,R)\Q{R,RI2)^ > c^5^)^, 
where Vr := Q{R/2,R/2) \ Q{R/2,Ri). 



Proof. Put p := (a/4) V (a — 1) and define 

hp{y) ■■= Wp{y)lQ^ji^ji){y) and /ia/2(y) := ^i'a/2(y)lQ(i^,i^)(y)• 
We choose i?i > 2 large such that 

|(l-|)(i?i/2r-2<|A|, (2.11) 

where A is the constant defined in ()2.6p . Obviously, with the above value of p, A < 0. For R > 8-Ri 
and y G Q(2i?/3, 2i?/3) \ Q{R/3,Ri/2) by Lemma EJ and using the fact that V (^ - 2) < p < 
^ < 1, we obtain 

(A + A°/2)(/i,/2(y)-<'-%(2/)) 

> -f (1 - ^)iy^)^^' - c,R~-" - K"-'P{P - i)iy<iy-' + \M<'-'{y^r-'' 

= {yaf-- [\K\Ri"^' + p{i-p)Rl"-'{yar-' - f (1 - f )(y<i)^-'-^) - c,R--" 

> iy,r~- (|A|<^-^ - |(1 - |)(i?i/2)¥-2-^) - c,R-/'. 
Now, using ([ZTTD . we have, for y G Q{2R/3,2R/3) \ Q{R/3,Ri/2) 

(A + A"/2) - <'-^/ip(y)) > -cii2"°/2. (2.12) 

Moreover, for y £ Q{R,Ri), 

{ha/2 - Ri^'^'hpM = yT^X - {Ri/ydT'^-n < 0. (2.13) 

Let 5 be a nonnegative smooth radial function with compact support in such that g{x) = for 
|x| > 1 and Jjgd g{x)dx = 1. For /c > 1, define gk{x) = 2^'^g{2^x). Define 

Uk{z) := gu * (V2 - Ri^^^^hp) (z) := j^^ gk{y){h^/2 " Ri^^^''hp){z - y)dy G C7-(R'^). 

Let Qn^k := G M : dist(z, Q{R, R)) < 2"*=} and Ak = {x e M : Xd e {Ri - 2'^, Ri]]. Note that 
tifc = on Q'jf j. and by (|2.13p . for k sufficiently large so that 2"'^ < -Ri/3, 

Uk{z)<^ ioi Zd < Ri - 2-^ , (2.14) 

and for z G Vr, by ([232]) . 

(A + A"/2)nfc(z) = (A + A"/2)nfc(z) = 5, * (A + A^/^){h^/2 - Ri^^'^hp^z) > -c^R-'''\ (2.15) 



13 



Therefore, using (|2.3|) and (j2.13p - (j2.15p . we have that, for any x E Vr, 



Uk{x 



+ E, 



+ E, 



< cii?-"/2E,.[rij+E, 

< cii?-°/2E,.[4 ] + sup |nfc(z)| fx^i G Afc) 

+ ( sup Uk{z) ) f X^i G Qn^k \ Q{R, Ri)) 
\zeQR.k\Q{R,Ri) y V ^fl / 

< Cli?-°/2E,[4^] + sup \Uk{z)\ + ( sup h^/2{z) ] P, fx^i G QR,k \ Q{R,Ri) 

z&Ak \z&QR,k J \ ^R 

< cii?-"/2E,[4 ] + sup \uk{z)\ + (xl, G QR,k \ Q{R, Ri)) . 

Since on Zd = Ri, hnifc^oo sup^g^fe l^fc(^)l = 0- Observe that QkiR, R) \ 

Q{R, Ri)) decreases to Q{R, R) \ Q{R, Ri) as A: — )• oo. We have 



limFjxl, eQR,k\Qi{R,Ri)] 

fc^oo \ Vr J 



X\^ £Q{R,R)\Q{R,Ri) 
Xl, eQ{R,R)\Q{R,Ri)) , 

^R J 



where the last equahty is due to an apphcation of Levy system and the fact that dQ{R, R) has zero 
Lebesgue measure. Therefore for x G Q{R/2, R/2) \ Q{R/2,2Ri), since Xd > 2Ri, 

(l_2W2)(^^)«/2 < (xdr/\l-{R,/xdr/^-P)= Ihnukix) 

k—nyo 



which imphes 



(2.16) 



Now take a non-neg ative function in C^{W^) such that < (/> < 1, 

Hy) = ' 



if \y\ < 1/4 or jy^l > 2, 

1 if 1/2 <\y\<2 and < 1, 
if \y\ > 3, 



and that 



I 9^ 



is uniformly bounded. Define 4>R{y) = </'(-^). Then we have < < 1 



4'Riy) = ' 



if \y\ < R/A or \yd\ > 2i?, 

1 if R/2 < \y\ < 2R and \yd\ < R, 
if \y\ > 3R, 



(2.17) 
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and 



sup V 



9^ 
dvidy. 



■4>R{y) 



< C2R^ 



Using this inequality, by the argument leading to (j2.4p . we get 



sup sup 

fc>i zeK'* 



(A + A"/2)</,^X^ 



Thus, by this and Lemma 12.31 for R > 8i?i and y € Q{2R/3, 2R/3), we obtain 



(A + A"/2)(/i„/2(y) + 



2^a/2 
^/2{y) + ^ _ 2p_„/2 

For any A; > 1, define 



< -^(1 - ^C4i?"/2^^a < c^^-a/2_ (2.18) 



Put r^i? := Q{R, R/2)\{Q{R, Ri)uQ{R/2, R/2)). By (|2J8]1 . we have (A+A"/2)t;fc(y) < C4i?~"/^ for 
all y G Vr. Thus, using this and ([23]), we have that for any > 1 and x G Q(i?/4, R/2)\Q{R/A, 2Ri) 



Vk{x) 



4. 



(A + A°/2)t,,(x/)dt 



Letting k ^ oo and using (I2.17p . we get that for any x G Q{R/A,R/2) \ Q{R/A,2Ri) (where 



a/2 



2Jia/2 
"'"/2 + 1 _ 2P-a/2 



> -C4i?-"/'E,[Ti^] + E, 

> -C4i?""/'E,[T^ 1 + 



= lim Vk{x) 

/ fc— >oo 

2i?°/2 



^"/2 + _ 2p-a/2 

2i?"/2 ^ 



0R GJ^ij 



Combining (I2l6]) and (I2l9]) . we get 



(2.19) 



(xrf)°/2 < 



oa/2 

^E^ [tv 1 H ^Pr 

1 _ 2P-a/2 ^ v^flJ ^ ]^ _ 2P-a/2 ^ 

ciR''^'^ ^ r 1 1 ^ 



1 _ 2P-a/2 

H 

1 _ 2P-Q/2 



1 _ 2P-a/2 



< 



+i(c4i?-"/2E,.[4j + (x,)"/2). 



X^i gQ{R,R)\Q{R,Ri) 
X^i eQ{R,R)\Q{R,R/2) 

Xl, eQ{R,R)\Q{R,R/2) 
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Therefore, we conclude that 
2ci 



(2.20) 



1 _ 2P-"/2 

On the other hand, by the Levy system of X^, 

(^X^i^ e i?) \ Q{R, R/2)^ > P,. (^X^i^ e Q(i?, i?) \ 3i?/4)^ 



E, 



J^(X],z)(iz ) ds 



'0 \JQ{B,R)\Q{R,3R/4) 
This together with (|2.2U|) estabhshes the lemma. 



□ 



3 Upper bound heat kernel estimates on half-space 

In this section we will establish the desired large time upper bound for x, ?/). 

Lemma 3.1 For any to > and R > 0, there exists c = c{a,to,R) > 1 such that for t > to and 
3; G EI with Suix) = > R, we have 

Proof. Clearly, we can assume R < t^^" and we only need to show the theorem for R < 5h{x) < 
Let u{x) = (xj)"/2 + 1 and U{r) := {x £ B.;xd < r}. By (US]), for every x £ M with 
Smix) > R, 

(A + A^/')n{x) = -f (1 - f < 0. 

Using the same approximation argument as in the proof of Lemma 12.41 with Uk{z) := {gk * u){z) 
where is the function defined in the proof of Lemma 12.41 and letting A; —t- 00, we see that for 
X e H with r > 5m{x) = x^ > R, 



(1 + i?-"/2)x^/' > x'^J^ + 1 = u{x) > E, 



u Xl 



Applying this and Proposition 12.11 we get that for R < 5m{x) < 
(4 >t) < P, (r^(ji/.) > i) + (^^1^ ^^^^ G H \ 



- t 



< c,i(tV" A t^/^mixT/^ A 5e(x)) + (1 + < c,M^. 



□ 
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Lemma 3.2 For every to and R > 0, there exists c = c(a, tQ,R) > 1 such that for every {t, x, y) S 
[io,oo) X H X H with 5m{x) > R, 

pUt,x,y)<ct-'^/'^ (^^^^)- 

Proof. By the semigroup property and symmetry, 

Pm{t,x,y) = Pm{t/3,x,z)pli{t/3,z,w)pl^{t/3,w,y)dzdw 

< I sup p\t/3,z,uj)]F,{T^ > t/3)Fy{T^ > t/3). 

Now the lemma follows from Theorem 11.11 and Lemma 13. li □ 

The next lemma and its proof are given in [5] (also see O Lemma 2] and [H Lemma 2.2]). 

Lemma 3.3 Suppose that Ui,Us,E are open subsets o/M'^ with Ui,U^ C E and dist(J7i, C/3) > 0. 
Let 1/2:= E\ {Ui UU3). Ifx£ Ui and y £ U3, then for all t > 0, 



pl;it,x,y)<¥Jxl^ eU2) ( sup p],{s,z,y)] +E,[tIj^]{ sup J^(n,z)| 
V '^'1 / \s<t,zeU2 J \ueUi,zeU3 J 



(3.1) 



Lemma 3.4 Suppose that t^, R > 0. There exists c = c(a, to,R) > such that for every {t, x, y) € 
[io, 00) X EI X EI with 5u{x) > R, 



pUt,x,y)<cr-^^Al\(t^'/-A 



\x -y\ 



d+a 



Proof. By Theorem ll.il Proposition 11.21 and Lemma [3.2l without loss of generality we can assume 
ig^" and it is enough to prove the lemma for 



R = tg^" and it is enough to prove the lemma for t^" < 6m{x) < (16)-!*^/" and \x-y\> t^/". Let 



xo = {x,0), Ui := S(xo,8-Hi/") ne, U3:={zeM:\z-x\> \x-y\/2} and U2 := M \ {Ui U U3). 
Let = (Xl'^ . . . , X^''^) and, for any open interval (/?, 7) in M, let r(^^^) := inf{t > : X'^''^ ^ 

(/3,7)}. Note that, by Proposition 12.11 and the assumption that 16^-'^t^/° > 5e(a;) = X(i> io^°, we 
have 

^x[tIj,] < < ciVix"^^^ = ci\/t<5e(x)"/2_ ^3^2) 

Since 

|z-x| > > ^t^/" for ze 

C/i n C/3 = and, if u £ Ui and z G U3, then 

\u — z\ > \z — x\ — \xq — x\ — \xq — u\ > \z — x\ — 4~^t^^'^ > -\z — x\ > -\x — y\. (3.3) 



Thus, 



sup J\u,z)< sup J\u,z) < C3\x -y\~'^~'^. (3.4) 

«eC/i,ze(73 {u,z):\u-z\>^\x-y\ 
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ifze U2, 



-y\>\x-y\ + \x-z\>\z-y\>\x-y\-\x-z\> > 2"H^/". (3.5) 



By Theorem 11.11 and (|3.5p . 

sup p^{s,z,y) < C4 sup (sJ^(z, y)) + C4 sup s~'^^'^ 

s<t,z£U2 s<t,\z-y\>\x-y\/2 s<t, s^/2>\z-y\>\x-y\/2, 

+C4 sup s-d/2^-c,\z-y\ys 

s<t, sl/2<|z-i/|, 
l>\z-y\>\x-y\/2, 



< cet\x-y\~'~- + 2'+-c,{snpj^^-^ 



s<t 



+C4(supa ''/^e sup l-z-i/l' 

Va>l / l>\z-y\>\x~y\/2 



l>\z-y\>\x~y\/2 

< crt\x-y\-''-^ + cs sup < cgtlx - yl""-". (3.6) 



Applying Lemma [3^ ()3.2I) . (13. 4p and (13.61) . we obtain, 

pll(t,x,y) < cioE,[r^J|x-yr'^- + ciiP,(xii^ G C/2)t|x-y|-'^-« 

< ci2Vt<5e(x)"/V-yr'"" + ciiPx(^^i^ GC/2)t|x-y|-^-°. 
Finally, applying Theorem O with U = Ui and r = 8"^*^/° > 2to^/°, we have 

Pxfe Gt/2)<IPxfe GS(xo,8-Hi/")^) <ci4 7 / G^^(x,2/)d2/ = ci4 7E,.[t^J. 
Now applying (j3.2p . we have proved the lemma. □ 

Lemma 3.5 For every R > and to > 0, there exists a constant c = c{R,a,tQ) such that for all 
{t, X, y) G [to, 00) X EI X H with 5t^{x) A 5H(y) > R- 



A 



d+a 



Proof. By Lemma [3.41 and Theorem I l.lj we only need to to prove the theorem for 5u{x) V5]H[(y) ^ 
t^/". Denote by q{t,x,y) the transition density of the a-stable process Y in M''. By Lemma [331 
and the lower bound estimate of q{t, x, y), there is a constant ci > so that 

pll(t/2, X, z) < ci {^^^^^ A 1^ q{t/2, x, z) and pli(t/2, z, y) < ci {^^^^^^ A 1^ g(t/2, y, z). 

Thus, by semigroup property and the upper bound estimate of q{t,x,y), 
Pm{t,x,y)= / pli{t/2,x,z)pli{t/2,z,y)dz 
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<.,^— ^Alj A Ij ,(*...!/) 



\d+a 



□ 



Theorem 3.6 Xei to positive constant. Then there exists a constant c = c(a,to) > such 
that for all t G [to, oo) anrf x, y G H, 

Proof. Let xq and yo be as in p.lSp . By the semigroup property and (11.170 . we have 

Pmit^x,y)= / / pl^{to,x,z)p^{t - 2to,z,w)pl^{to,w,y)dzdw 
Jm Jm 

>i {1 A 6m{x)) {I A 6m{y)) / / PM{to,xo,z)pli{t - 2to,z,w)pMito,w,yo)dzdw 



= {lA6M{x)){lA6M{y))pUt,xo,yo). (3.7) 
By Lemma 13.51 and the fact |xo — yo| = \x — y\, we have 

PM{t,Xo,yo)<c^^--j^Alj\^--^Alj[t A^-^J. 

This together with Lemma 11.111 (with o = 1 there) and (j3.7p proves the theorem. □ 

4 Lower bound heat kernel estimates on half-space 

In this section we estabhsh the desired sharp large time lower bound on pj^(t, x,y). We will use 
some ideas from [5] . 

Lemma 4.1 For any positive constant to, there exists c = c{tQ, a) > such that for any t > to and 

y G M°', 

(jB{y,8-H^/") > V3) > C. 

Proof. By [101 Proposition 6.2], there exists e = e{to,a) > such that for every t > to, 

inf Fy (r^(^,i6-itV-) > ^ ^• 
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Suppose £ < 5 , then by the paraboHc Harnack mequahty in jlO^ [22] , 

ciPB,^y^8-iti/c){et,y,w) < p^(,y g_i^i/,-,(t/3,?/,w) for u; G 16"4^/"), 
where the constant ci = ci(to) a) > is independent of y G M.'^. Thus 




□ 



The next result holds for any symmetric discontinuous Hunt process that possesses a transition 
density and whose Levy system admitting jumping density kernel. Its proof is the same as that of 
[6l Lemma 3.3] and so it is omitted here. 

Lemma 4.2 Suppose that Ui,U2,U are open subsets ofW^ with Ui,U2 C U and dist(f7i, C/2) > 0. 
If X £ Ui and y G U2, then for all t > 0, 



Lemma 4.3 Suppose that tQ > 0. There exists c = c{to,a) > such that for all t > t^ and 
u,v eR'^ with \u-v\> ti/°/2, 



Proof. Let U = B{u,t^/") U B{v,t^/°'). With Ui = B{u,t^/°'/8) and U2 = t^/^/S), we have 
by Lemma 14.21 that 



ph{t,x,y) > t^^irl^ > t)¥y{Tlj^ > t) inf j\u,z) . 

uGUi, Z&U2 



(4.1) 



— d—a 




Moreover, \w — z\ < \u — v\ + \ w — u\ + \z — v\ < \u — v\ + t^/°'/A < ||n — v\. Thus by Lemma [4T| 




> cit\u — v\ 



□ 



The next result follows from [22t Proposition 3.4]. 



Lemma 4.4 There exist R2 = R2{oi) > 1 (md c = c{a) > such that for all t > R' 



inf 

a;,2/eS(0,6iVa) 



d/a 
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For the remainder of this section, we define := Ri V R2, where i2i > is the constant in 
Lemma |2.4[ For any 2; G M*^ and a,b > 0, we define 

Qx{a,b) := {y € M : \y - x\ < a,yd < b}. 

Lemma 4.5 There is a positive constant c = c{a) such that for all {t,x) £ ((4i?i)",oo) x H with 
2Ri < 5m{x) < ti/"/2, 

p (t' > tn) > cM^l!^! 

Proof. Without loss of generahty we assume that x = and let Q{a,b) := QQ{a,b). Let V{t) := 
(5(t^/"/2,t^/"/2) \ Q(i^/"/2,i?i). By Lemma[231 LemmaOand the strong Markov property, 



> t/3 



> 



''"Q(2ti/",2ti/a) ^ 



V(t) 



> Ex. 



V(t) 



V(t) 



/ V(t) 



V J 



Vt ■ 



This proves the Lemma. 



□ 



Lemma 4.6 There is a positive constant c = c{a) such that for all {t, x, y) G [(4i?3)", 00) x H x 
with 5^{x) A 5^{y) > 2R3, 



pUt,x,y)>ci"J^^:^Al\rJ^^Al\it^'^/-A 



Vt 



\ Vt 



x-y\ 



d+a j ■ 



Proof. Fix X, 2/ G M. Let xq = (x, 0), 1/0 = (y, 0), ?x := 2; + (0, 32tV") and iy := y + (0, 32tV"). if 
2-R3 < 5h(x) < t^/°/2, by Lemmas SUSJ and 1131 



_B(C,,2ti/") 



pj|j(V3,x,u)(iu 



>tP^ T, 



.1 



Qi(2ti/",2tl/<^) 



> t/2, 



i.eQ^{2ii/", 



inf / ¥u(tI,^ ^^,/^.>t/'i)du 

«rc,4tl/") / 



>Clt¥AT, 



Q:c{2ti/",2ti/") 



> t/3 t 



>C2lPx (T^^(24l/.,2ti/-) > */3) > C3 



VB{0,ti/"/8) 



>t/3) |i?(e.,2t^/^ 
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On the other hand, if 6m{x) > t^/"/2 > 2R3, by Lemmas O and g^l 

JB(£^.2t^/°') 

inf J\v,w) [ (r^. > t/s) du 

3(«rr,4tl/") / 

>^5Px. (r^(,,8-i,i/.) > i/3) > C6. 



/ 

>iPx ('^B(a;,8-iii/<^)nH > */3) 

V 



ues(a;o,2 



Thus 

Pi[]i(t/3, n) (in > C7 | 1 A ™^ , 

and similarly, 



/ pij(t/3,x,n)dn>C7(lA^^i^^], (4.2) 



/ pe(t/3,y,u)(in>C7 lA ^= — . 

Now we deal with the cases |x — y| > 5t^/° and |x — y| < 5t^/" separately. 
Case 1: Suppose that |x — y| > 5t^/°. Note that by the semigroup property and Lemma |4. 3 

I f p!.(*/3,„H(,/3,.,„)d(V3,...)<<«.» 

/ P]H[(i/3, a;, ^i)pL„ t^/c.)yjB(v ti/-)(*/3' ^> ^')Ph(*/3, t', y)dudv 



(4.3) 



> 



> 



>C8t inf \u-v\ °'\ j / pe(t/3,2;,n)pe(t/3,t;,?/)(in(i'u. 

It then follows from {Ill2D-(Ill3l) that 



pUt,x,y)>c,t{ inf |.-.r''-VM^)!^!AlVM^AlV (4.4) 

Using the assumption |x — y| > 5t^/" we get that, for u G 5(^^,2i^/") and v G 5(^^,2*^/°), 
|n — ?;| < 4t^/" + — y| < 2\x — y\. Hence 

inf h-t;]-'^-" > ciolx-yl"'^-". (4.5) 

(«,i')eB(C^,2ti/Q)xB(ey,2ti/") 
By ([0|) and (ji3|) . we conclude that for - y| > 5t^/" 
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Case 2: Suppose \x - y\ < 5t^/". In this case, for every {u,v) E B{^^,2t^/°') x B{e,y,2t^/'^), 
\u — v\ < 9t^/°'. Thus, using the fact that 5e(^x) A 5e(C|/) > 32t-^/", there exists wq £M such that 

2t^/") U B{Cy, 2t^/") C B{wo, 6i^/") C B(u;o, 12i^/") C M. (4.6) 

Now, by the semigroup property and (I4.6p . we get 

PH(*,a:,y) 

>( inf ^'m™i2ti/-)(V3,^,t')) / / p]|j(t/3,x,n)pj{j(t/3,t;,y)duclt;. 

It then follows from (I4.2I)-(I4.3D and Lemma that 



Ph(*> a;, y) > ci2 I — — ^Ml — ^/f — ^M* • 
Combining these two cases, we have proved the theorem. □ 



Theorem 4.7 There exists a positive constant c = c{a) such that for all t G [(4i?3)",oo) and 

Proof. Let = (^-Rs)^ > (4i?3)" and let xq and be as in p.l5|) . By the semigroup property 
and (I1.17P we have 



Pm{t,x,y)= / / p^{tQ,x,z)p^{t -2tQ,z,w)p]^{to,w,y)dzdw 

X (1 A(5h(x))(1 AJnCy)) / / Pm{to^XQ,z)p]^{t -2tQ,z,w)p^{tQ,w,yQ)dzdw 

= {l^5M{x)){l^5m{y))pUt,xo,y^)■ (4.7) 

Since, (^e(^o) A (5e(yo) > V ~ 4i?3, by Lemma and the fact |xo — ?yo| = \x — y|, 
Pe(*,-o,2/o)>cW^^An^^AlWi 



\d+a 



The conclusion of the theorem now follows from the above inequality. Lemma 11.111 and (j4.7p . □ 
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5 Heat kernel estimates on half-space- like domains 

In this section, we will establish the main result of this paper. 

Combining Theorem ll.3l fi). Theorems 13.61 and 14.71 we get that for every T > 0, there exist 
constants q = Cj(a, T) > 1, z = 1, 2, such that for all {t, x, y) € (0, T] x H x H, 



and for all t G [T, oo) and x, y in iJ, 



X — y\'^+°' 



A 



Now using (frT2]) . we established Theorem O for I? = H in the form of (fT7fl) - (fL8]) . 

Theorem 5.1 For every T > 0, i/iere exist c = c{a,T) > 1 and C3 = 6*3(0, T) > 1 such that for 
allayO and {t,x,y) G (0, a2"/("-2)r] x M x M, 

d/2 



< A(t, ,) < e (1 A ^iM) (1 A «f>) (<-/'.-l-.IV(C.) ^ , , 



and /or all t G [a^"/^" ^^T, 00) and x,y in 



d+c 



< Pmit,x,y) 

Now we are in a position to establish the main result of this paper. 

Proof of Theorem II. 4[ Recall that that D is a half-space-like C^'^ domain with C^'^ characteris- 
tics {Rq, Aq) and Hf, C I? C EI for some b > such that that the path distance in D is comparable 
to the Euclidean distance with characteristic Aq. Then we have the following trivial inequalities 

p'^^{t,x,y) <pf){t,x,y) <pl^{t,x,y), a > 0, (t, x, y) G (0, 00) x Mb x Mfe. (5.1) 

Let to ■= IV 6^. It follows from Theorem 1 1 .31 that we only need to prove the theorem for t > 3to- 
Now we suppose t > 3to- For any x,y £ D, we define xq and yo as in (ll.lSp . 
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< C2 < 



By the semigroup property and Lemma ll.lOl we have 

Pz)(*,a;,y)= / / p}){tQ,x,z)p%{t -2to,z,w)p%{to,w,y)dzdw 

JD JD 

< ci (1 A5z)(x))(1 a doiy)) / /ii/(25C2)(*o,a:,2;)p|)(i - 2to, z,w)h1/^25C2)(^o,w,y)dzdw. 

J DxD 

It follows from Theorem 15.11 with T = 1 and ()5.ip , 

p^oit - 2to, z, w) < pUt - 2to, z, w) 

^ ^ #4) (l A M) ((^ - 2to)-/^e-l^-HV(03(*-..o)) + A (t - 2to)-/^)) , 

V(t-2io) G (0,a2"/(°-2)]. 

V(t - 2io) > a2°/("-2) 

where C3 is the constant in Theorem 15.11 with T = 1. Put A = (C3 V (25C2)) where C2 is the 
constant in Theorem 11.31 with T = tQ. Applying Theorem 15.11 with T = 1 again, we get 

- 2to, z, w) < C3p|(t - 2to, A-^z, A-^w) 

and so, by Theorem 11.31 

<C4 (1 A 6d{x)){1 a Sniy)) / /iim4 (^o, 2;o, z)pUt - 2to, A-'^z, A-^w)h1,^i {to, w, yo)dzdw 

Jdxd 

X - 2t,,A--z, A--U,) (t^-'^/^e-l-^ol V(A^.o) + (^^^^^ A t"'/^) ) dzdu,. 

Thus, by a change of variable, and using ()5.ip and Theorem 11.31 the above is less than or equal to 
(1 A<5d(2;))(1 A(5o(y)) times 

<C7 / ^'H_,/(2A2) (*o, ^"'^0, ^)Ph_,/(2^2) - 2to, ^, ^)Ph„,/(2^2) (*o, A-\o)dzdw 

•^H-6/{2A2)XH'_b/(2A2) 
= '^7PV,/(2A2)(*'^~^^0'^"^y0). 

Now using (frT2]l and Theorem O with T = yl-^(l A M2°/(2-"))to, we get 
< C8(l A 5z,(x))(l A bu{y))v€'^^]^"'^\AHMo) 
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'(lAMx))(^^Al) (1AM.))( 



< Cg < 



for t G (3to, toa 



-2a/{2-a)l 



-6/2 



(xo)A(a-i5H_,/2(a;o))"''2 



:iAfe(x)) 



Ai (1 A5D(y)) 



-i)/2 ^ 



A 1 j ((a°t)-'^/" A ^;:^) for t > to/ a 



2«/(2-o) 



< Cll < 



' (1 A 5d{x)) A l) (1 A A l) 

(1 Afe(x)) 



for t € (3to, iofl 



-2a/{2-Q)l. 



^„(xo)A(a-J_^H(xo))"/^ A 1 ) (1 A Soiy)) 



af\-d/a 



A 



\x-y\ 



for t> to/a 



2a/{2-a) 



In the case when t > m2"/(2-") toa^°'/^'^-^\ since m2"/(2-") toa^°/(°"^) > to, the desired result 
follows from ()5.ip , Lemma 11.111 Theorem 15.11 and Remark ll.5( ii) . In the case when 3to < t < 
^2a/{2-a) ^^^2a/ia-2) ^ desired upper bound follows from (j5.ip . Theorem 15. H Remark ll.5f ii) 
and [lit Lemma 2.2] (with a there replaced by 2). 

The lower bound can be proved similarly. We omit the details. □ 



6 Green function estimates 

In this section, we give the full proof of Theorem 11.71 Throughout this section, D is a fixed half- 
space-like C^'^ domain with C^'^ characteristics {Rq,Aq) and Hf, C -D C IH for some 6 > such 
that the path distance in D is comparable to the Euclidean distance with characteristic Aq. We 
first establish a few lemmas. 

Recall that (j)a{f) = r f\(r / a)°'/'^ . When a = 1, we simply denote by (p; that is, (j){r) = rf\r°'/'^. 

Lemma 6.1 For every r € (0, 1] and every open subset U ofW^, 

1 / ^ r''^{6u{xm5u{y)) \ ^ / ^ r<t^{6u{x)) \ / ^ r<l^{5u{y)) \ ^ ^ ^ r2,/.(^^(x))</.(^^(j/)) 
2V \x-y\'^ )~\ k-yl'^/^yv k - y|° 

(6.1) 

Proof. The second inequality holds trivially. Without loss of generality, we assume 5u{x) < 5u{y). 
If both and are less than 1 or if both are large than one, 

Ix—yl"'^ ' 

^ ^ rJ{Su{x)y\ / ^ rj{du^\ ^ ^ ^ r^<l,{6u{xmSu{y)) 

So we only need to consider the case when ^"^^^i^a^ < 1 < 7737^^- Note that (j){Su{y)) < 
(l){6u{x) + \x — y\). If 5u{x) > \x — y\, then (j){Su{y)) < (j){25u{x)) < 2(p{6u{x)) and so 

^ ^ rm6u{xm6u{y)) ^ ^ ^ ^ ( rmi^)) ] ' < 2 f l a 



2; — y|" Wx — y\'^/'^ J V |x — 
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When 5u{x) < \x — y\, then <j){5u{y)) < <j){2\x — y\) < 2\x — yl"^"^ and so 
^ ^ r^cPiduixmSuiy)) < ^ ^ 2r^q^{6uix))\x-yr/^ < 2 f 1 A 



\x — y|" |x — y|" \ |x — ?/|"/^ 

where the assumption r < 1 is used in the last inequahty. This estabhshes the first inequahty of 
(EH). □ 

For every open subset U of and a > 0, let 

X, „) := (l A MM^))) (i ^ MM^))) (l^a't)-'" A .^-i^^) . (6.2) 



\X — l/l<^+" 



The following lemma is a direct consequence of (the proof of) Proposition 11.2^ Theorem 11.41 and 
Remark ll.Sfii) . 



Lemma 6.2 For every positive constants ci,C2, there exists C3 = 03(01,02) > 1 such that for every 
a > 0, t < cia~^"/(^~"), every open subset U ofM.'^ and x,y & U with \x — y\ > a~"/(^~"), 



c 



1 A ^) (1 A X, ,) < X. < C3 (1 A :5i^) (1 A ^) ,4 (t, 

(6.3) 

Under the assumption of Theorem \1.3[ there is a constant c = c(M, i?0) ^Oj -^O; &) ^ 1 such that 

c-^q%{t, X, y) < p%{t, X, y) < cq%{t, x, y) 
holds for every a G (0, M], t < 00 x,y & D with |x — y| > a^"/^^~°^ . 
Observe that 

0a(fe(Ax)) = {X6x-iDi^)) A (A°/2a^"/2^;,-i,5(x)°/2) for every A > 0. (6.4) 

Let Xa := a"/(2-a)^^ ._ a^/[2-a)y ._ ^a/{2~a)j^^ gy (jg^ ^ 

MSd{x)) = <Aa(5D(a-"/(2-")xa)) = a--/^^~^U{SDAxa)) (6.5) 
and so, for every s > 0, 

5|)(a-2"/(2-°)s,a;,y) = (a-2°/(2-") a-°/(2-")^^^ ^-"/(s-a) ^ J ^ a°'^/(2-°) gi,^ (s, , ^a) • (6.6) 
We recall that f^{x,y) is defined in 



Lemma 6.3 For every d> 1 and x,y ^ D, qf){t,x,y)dt x ff){x,y), where the implicit con- 
stants are independent of D. 

Proof. Let U be an arbitrary open subset of W^. We first consider the case a = 1 and prove the 
lemma for U . By a change of variable u = - — have 

q}j{t,x,y)dt 

27 







--■.I + II. (6.7) 



Note that 



1 r„-3A,i(M^4ViAi(**» i<i„ 



1 



oo 



Ix-yl'^-^yi V \x-y\°'/^J\ |x-y|"/2 



|x-y|°/2yV |x-?/|"/2'' 

(i) Assume d > a. Observe that 



I < . — 1 A 1 A / nw^j-^^u 



< — 1 — 1 A "^""7;: \^'\ : vU ■ (6-9) 



So by (inZD-dM 



|x-y|'^-"V k-y|"/2yv |x-y|°/2y 



(6.10) 



For the rest of the proof, we assume without loss of generahty that bu{x) < Su{y) and define 

ct>i6u{xm6uiy)) 



Uq 



\x - y\' 



(ii) Now assume d = a = 1. We have by Lemma 16.11 

-1 rl 



I ^ u H{„>i/„„}d^/ + / nol{„<i/„(,}(in 
Jo Jo 

= log(no V 1) + -uo ((1/no) A 1) = log(uo V 1) + {uq A 1). (6.11) 



Now by Lemma EH ([621)- dlS]) and ^JT\\ . we have 

/ quit^x,y)dt X log(uo V 1) + 1 Auo >i log(l +Uo). 
Jo 

(iii) Lastly we consider the case d = 1 < a < 2. By Lemma |6. 11 



/ X — 

\x 
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Hence by (j6.7p - (|6.8p . Lemma [6TT] and the last display we have 



qlj{t,x,y)dt 



\x - 
1 

\x - y\ 



^(1 A no) + --i^ (((no V - l) + no(no V 1)-^") 



|x - y\ 

uqAuq ']= ■ ■ A{cl){du{x))(p{du{y))r " 

) \x-y\ 



Thus we have proved the lemma for any open set U and a = 1. For general a > 0, we have by ()6.5p 
and (16.61) that 



q'h{t,x,y)dt = a-2"/(2-") / q<l^{a~^-/(^--)s,x,y)ds = a"('^-2)/(2"") / q},^{s,Xa,ya)d. 



fl 1 fiA ^^^-^fJ ) fiA^i^i^) whend>a, 



^Q(d-2)/(2-a) ^ 



log 1 + 



'/'fea(3:a))'^(^Da(<ya)) 



when d = 1 = a, 



[ A mDA^aymDAya)))^''-'^^'' Whend= 1 



< a. 



^a{d-2)/(2-a) ^ 



/2(2-«)|x-i;|Q/2 



log 1 + 



when d > a, 

y when d = 1 = a, 

A (a-/(-")^.(<^^(x))^.(5M2/)))^""^'" when d=l<a 



□ 



Lemma 6.4 For every c > 0, ?i;/ien |x — y| < a "/^^ "\ 

^a-2«/{2-«) 
/O 



|x - y| 



d+a 



At' 



-d/2 



2~d ( 1 A ^Di^)^Diy) 



|x -yr~'* 1 A 



|x — J/|2 ' 



w/ien d > 3, 
w;/ien d = 2, 

_a"/("-2) A (<5D(2;)5D(y))^/^ A «;/ien d = 1, 

where the implicit constant depend only on c, a and d. 



dt 



Proof. We first consider the case a = 1 and assume U is an arbitrary open set and x,y G U with 



|a; — y| < 1. Using the change of variables u 



^-d/2g-c,^ + 



we have 



\x - yY 



At' 



-d/2 



dt 
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\x-y\ J \ 



\/u5u{y) 



\x - y\ 



\x - y\ 



2-a 



U 



=k-y|'"M / +/ I 1 1 A V""""/ 1 1 1 A 

\J\x-y\2 J2 

=:h + h ■ 

Note that since \x - yp"" < 1, for u>2, A n'^/^ = l£zM!l^. Thus for any d > 1, 



An' 



d/2 



\x - y\ 



2-d 



\x - y\ 



\x - y\ 



^d/2^-c,u ^ 



u 



du 
u 



< \x ■ 



+ u ] du 



< C2\x-y\ 



2-d 



1 A 



\x - y\ 



1 A 



\x - y\ 



and 



h > \x - y\ 



2-d 



\x - y\ 



1 A 



\x - y\ 



2-a 



du 



> X 



> csix 



y\'^' (lAp^) flA^l 
V \x-y\J \ \x-y\J 



u 



"Z^-^-^^^du 



h{y) 

\x - y\ 



One the other hand, since \x — y\ " < 1, if u < 2, then 



yd/2^-C,U ^ 



\x - y\ 



2-a 



A u 



d/2 



U 



d/2-2 



Using this and the fact that for every r G (0, 2], 

\ r5u{x) \ ^ ^ r5u{y) \ ^ ^ r^6u{x)6u{y) 
\x-y\J V \x-y\J ~ 



< 4 



lA^^l flA^^l 



\x - y\ 



\x-y\J 



(6.12) 



we have 



h^\x- y\'-' r f 1 A ^Mal^) ,^/2-2 



^et uo — |^_j^|2 • 

(i) When d > 3, it is easy to see that h < \x — y\'^~'^ (1 A uq) . 

(ii) Assume d = 2. We deal with three cases separately. 

(a) uq < 1: In this case, since jx — ?/| < 1, we have 6u{x)6u{y) < 1 and Ii x ij^-yp uo'l'^ ^ ^^0 

^(1+7X0). 

(b) uq > 1 and \x — < 1/uq: In this case we have 6u{x)6u{y) < 1 and 

/i X / UQfiti + / It dn = no(iio — l^; — y| ) + ln2 + lnno 
= (1 - uo\x - yp) + ln2 + Inno X ln(l + uq). 
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(c) no > 1 and \x — > 1/uq: In this case we have 5u{x)5jj{y) > 1 and 
/ix r u-^du = In 2 + In |x - y|-^ X ln(l + |x - ,|-^) = In f 1 + ^ ^ mx)Su{y)) \ 

J\x-y\^ \ F-yr / 

(hi) Now we consider the case d = 1. We again deal with three cases separately, 
(a) uo < 1. In this case we have 

UQuT^^'^du X |x — ?/|uo(\/2 — \x — y\) x |x — y\uQ. 



h^\x-y\ I 

J\x 



(b) no > 1 and |x — < 1/no- In this case we have 



\x - y\ 



U(jU 



'^^"^du + \x — y\ 



xno|x - y\{uQ - \x - y\) + \x - y\{ul^^ - 2 ^Z^) x - yln^^. 
(c) no > 1 and \x — y\'^ > l/nQ. In this case we have 



/i X |x - y\ 
So we have 



n X X 



yri-2-v2)^i_2-i/2|^_yi^i. 



Su{x)5u{y) 
\x-y\ 



when d > 3, 

iMSuMMvR^ when d = 2, 

,lA(5f;(x)<5c/(y))^/=^ A ^^ig^ whend=l. 



log(l + 



(6.13) 



Thus we have proved the lemma for any open set U and a = 1. For general a > 0, we have by 

dSSl) and (lun^ . 



-2a/(2-a) 



"lA 



a/(2-a)^ 



1 A 



'^D(y) 



\x - y\ 



d+a 



At 



~d/2 



dt 



(^-2a/(2-a)^)-d/2g-ci ^_2„/(2-.), + 



Q-a/(2-a)^ 



k - y| 



d+a 



A (a" 



-2a/(2-a)^^-d/2 



(is 



,a(d-2)/{2-Q) 



,a(d-2)/(2-a) 



1 A 



1 A 



^Daiya) 



A S 



-^d/2 



ds 



l^a ya 



\2-d 



1 A ^Dg {Xa)&Da{ya) 



when d > 3, 
when d = 2, 



log(i + ^^i^pM^Daiy'^))) 

\Xa-yar ' 

,1 A (5D.(x.)5D„(ya))'/' A when d = 1 

when d > 3, 
when d = 2, 
when d = 1. 



iog(i + 

a-/i^~2) ^ ^SD{x)5D{y)f'' A ^^^f^ 
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□ 



Lemma 6.5 For every d > 2, there exists c = c{a,d) > 1 such that, for every a > 0, when 
\x-y\< a-"/(2-Q)^ 



7a-2c/{2-a) \ \X- y\^ J 



Proof. We first consider the case a = 1 and assume U is an arbitrary open set and x,y £ U with 



y| < 1. Let J := f-^ qlj{t,x,y) dt. By a change of variables 



u 



t ' 



Jo V |x-?/|°/2 j\ |x-y|"/2 jV 

(6.14) 



Since |x — y| < 1, for u € [0, \x — y\"], u'^/^ f\u ^ = u'^/°' . Hence 



J < I 1 A 



\x - ?/|"/2 M \x - y|"/2 







\ |j;-y|°/2 j y |a;-y|«/2 J 

Since \x-y\<\x- y^l^ < 1, we have that ^-^^ < ^ and so 1 A ^"^g^^gg"'' ^ ^ ^ 
Consequently, 



J<cWiaM1^ flAi^')<2ciflAM;!i)^) . (6.15) 

V \x-y\J V \x-y\J V F- yr / 

Thus we have proved the lemma for any open set U and a = 1. For general a > 0, by ()6.5 
6.6p and (j6.15p . we have 

qUt,x,y)dt = a^(''-^y(^-^') / qhMxa,ya)ds 

a-2c/{2-c) Ji 

< 2cia"('^-2)/(2-") ( 1 A ^l^^iM^^") = 2ci f 1 A 



□ 



Lemma 6.6 For every c > 0, ?i;/ien (i = 1 and |x — y| < a "/''2 a)^ 



/■OO 

+ / qUt,x,y)dt X 5?)(2;,?/) 



where the implicit constant depend only on c and a. 



32 



Proof. We first consider tlie case a = 1 and assume U is an arbitrary open set and x,y E U with 
\x — y\ < 1. Let J := qjjit, x, y) dt and 



,1/2 . SD{x)SD{y) 



Ar^/M dt. 



By LemmaEai / x 1 A {5Dix)5D{y)) ' A "p^^^ Using Lemma ED and (lOiD . we get that 
Put no := '^(^^W^^jf^fa)) . Then we have 

(r\x-y\°'Au~'^ i-\x-y\°' \ 

Without loss of generahty, we assume 6u{x) < 5u{y). Note that, since ja; — ?/| < 1, if Suix) < 1 
then du{y) < 2, and if 5u{x) > 1 then 1 < 5ij{x) < 5jj{y) < Idjjix) and 5u{x)5jj{y) > |x — yp. 

Now we look at three separate cases, 
(i) a G (1, 2): In this case we have 

J ^ |:r-yri(auo(|x-y|Au-^/")+^(|x-2/rAUo-i)(^-"^/"-^|x-yr-" 
X 4>{5u{xm5v{y)) A ((/)(5[/(x))</.(5f/(2/)))(°-i)/". 

Thus 

1{5u{x)5u{y)f^ when 5u{x) < 1, 5u{x)5u{y) >\x- yp, 
when > 1 

k - y\ 



uo{\x -y\A u^^) + log — -— T 

\x — y\°^ A Uq 



(ii) a = 1: In this case we have 
J X 

X </>(5r;(x))(/.(<5f/(y)) A 1 + log (1 V c/^idu {xmSu {y))) ^ log (1 + cl){6u {x^du {y))) ■ 

Thus 

|((5;7(x)(5[/(y))^/^ when Su{x) < 1, (5c/(x)5(7(y) > \x - yp, 

^^ijg^ when<^c/(^) < l,Su{x)6u{y) < \x - y\^ 

log (1 + 6u{x)6u{y)) when > 1 

— \x - y\ — + ^^u{x)Su{y)) ' j ■ 
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(iii) a G (0, 1): In this case (note that 1 — 1/a is negative) we have 



\a-l 



J X \x-y 
Thus 



auo{\x-y\AuQ ) + - -\x - y\ 



a 



1 — a J 



I + J 



Su{x)5u{y) 

\^-v\ 



when 6u{x) < l,6u{x)6u{y) > \x - yp, 
when 6uix) < l,5uix)5uiy) < \x - ?/|^, 
when 5u{x) > 1 

= {ou[x)Ou{y)) ' A — ^ ■ — Al. 

\x - y\ 

Therefore we have proved the lemma for any arbitrary open set U and a = 1. The general case 
o > now follows from the same scaling arguments as in the proofs for Lemmas 16.31 and 16. 4i □ 



Proof of Theorem ll.71 Without loss of generality, we assume M = b = I. Estimates (jl.lOp follow 
from Theorem 11.41 Remark ll.Sl fii) and Lemmas I6.4H6.6I Estimates follow from Theorem 11.41 

and Lemmas 16.21 and 16.31 □ 



Acknowledgment: While working on the paper |15j . Z. Vondracek obtained the Green function 
estimates of in the case d > 3 using Theorem ll. 41 above. Some of his calculations are incorporated 
in the proofs of Lemmas I6.4H6.5[ 
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